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We give the governing equations for multiple scalar fields in a flat Friedmann-Robertson-Walker
(FRW) background spacetime on all scales, allowing for metric and field perturbations up to second
order. We then derive the Klein-Gordon equation at second order in closed form in terms of gauge-
invariant perturbations of the fields in the uniform curvature gauge. We also give a simplified form
of the Klein-Gordon equation using the slow-roll approximation.
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I. INTRODUCTION
In the cosmological standard model the universe undergoes at very early times a period of inflation, during which
fluctuations in the scalar fields are stretched to super-horizon scales and later on source the Cosmic Microwave Back-
ground (CMB) anisotropies and the large scale structure. In standard inflation models the scalar field(s) responsible
for the accelerated expansion of the universe also provide(s) these fluctuations [1]. If we are interested in calculat-
ing observational consequences of the scalar field dynamics, linear or first order cosmological perturbation theory is
sufficient, if our main interest is in calculating the power spectrum of the fluctuations. However, if we are interested
in higher order observables, such as the bispectrum, we also need cosmological perturbation theory beyond linear
order. The study of higher order effects promises to give new insights into the physics of the early universe. Much
progress has been made recently to provide the necessary theoretical tools to study inflation beyond the standard
linear approximation. In this article we use second order perturbation theory to derive the Klein-Gordon equation
governing the evolution of the scalar fields during and after inflation.
At the moment there are mainly two approaches to study higher order effects and in particular non-gaussianity:
One approach uses nonlinear theory and the separate universe approximation, either employing a gradient expansion
[2, 3] or using the ∆N formalism [4–8] (see also [9] for early works). Both the gradient expansion and the ∆N
formalism are so far only usable on large scales, that is scales much larger than the particle horizon, which is sufficient
for many applications. The other approach uses second order cosmological perturbation theory following Bardeen
[10–30]. The Bardeen approach is valid on all scales, it can be however more complex than the ∆N formalism. Both
approaches give the same results on large scales.
In this article we focus on deriving the Klein-Gordon equation at second order valid on all scales for multiple
scalar fields minimally coupled to gravity in a flat Friedmann-Robertson-Walker (FRW) background spacetime. We
take into account metric perturbations up to second order, considering scalar perturbations only. Throughout this
article we shall work in the flat gauge. Having derived the field equations up to second order in the perturbations,
we calculate the Klein-Gordon equation at second order in closed form for multiple fields. This allows to show that
the Klein-Gordon equation also at this order does not contain terms that diverge in the large scale limit. These
divergences might have appeared through the introduction of inverse gradients, but the calculations show that any
inverse gradient present is balanced by one or more gradient terms.
The paper is organised as follows: in the next section we give the governing equations, that is Einstein’s field
equations and the Klein-Gordon equation up to second order in the flat gauge. In Section III we give the Klein-
Gordon equation at first and second order in closed form, that is solely in terms of the field fluctuations in the flat
gauge, in real space. In Section IV we rewrite the second order Klein-Gordon equation in Fourier space. In Section V
we employ the slow roll approximation to simplify the Klein-Gordon equation in Fourier space. We conclude in the
final section.
Throughout this paper we assume a spatially flat FRW background spacetime and use conformal time, η. Derivatives
with respect to conformal time are denoted by a dash. Greek indices, µ, ν, λ, run from 0, . . . 3, while lower case Latin
indices, i, j, k, run from 1, . . . 3. Upper case Latin indices, I, J,K, denote different scalar fields.
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2II. GOVERNING EQUATIONS
In this section we briefly review the governing equations of a system of multiple scalar fields. A more detailed
exposition can be found for example in Ref. [29]. The covariant Einstein equations are given by
Gµν = 8πG Tµν , (2.1)
where Gµν is the Einstein tensor, Tµν the total energy-momentum tensor, and G Newton’s constant. Through the
Bianchi identities, the field equations (2.1) give the local conservation of the total energy and momentum,
∇µT µν = 0 , (2.2)
where ∇µ is the covariant derivative. The energy momentum tensor for N scalar fields minimally coupled to gravity
is
Tµν =
N∑
K=1
[
ϕK,µϕK,ν − 1
2
gµνg
αβϕK,αϕK,β
]
− gµνU(ϕ1, . . . , ϕN ) , (2.3)
where ϕK is the Kth scalar field and U the scalar field potential and ϕK,µ ≡ ∂ϕK∂xµ .
Tensorial quantities are separated into a background value and perturbations according to
T = T0 + δT1 +
1
2
δT2 + . . . , (2.4)
where the background part is a time dependent quantity only T0 ≡ T0(η), whereas the perturbations depend on
time and space coordinates xµ = [η, xi], that is δTn ≡ δTn(xµ). The order of the perturbation is indicated by a
subscript, i.e. δTn = O(ǫ
n), ǫ here being the small parameter.
The metric tensor up to second order, including only scalar perturbations, and without gauge constriction is
g00 = −a2 (1 + 2φ1 + φ2) , (2.5)
g0i = a
2
(
B1 +
1
2
B2
)
,i
, (2.6)
gij = a
2 [(1− 2ψ1 − ψ2) δij + 2E1,ij + E2,ij ] , (2.7)
where a = a(η) is the scale factor, η conformal time, δij is the flat background metric, φ1 and φ2 the lapse functions,
and ψ1 and ψ2 the curvature perturbations at first and second order; B1 and B2 and E1 and E2 are scalar perturbations
describing the shear. The contravariant form of the metric tensor is given in Appendix C 1. We shall employ the flat
slicing and threading throughout this paper. In this gauge the spatial 3-hypersurfaces are flat and we have
ψ˜1 = ψ˜2 = E˜1 = E˜2 = 0 . (2.8)
Details on how to construct gauge-invariant variables at second order in general and in the flat gauge in particular
can be found in Refs. [20] and [29]. We simply state the result here.
The field fluctuation on uniform curvature hypersurfaces at first order, also known as Sasaki-Mukhanov variable
[31, 32], is given for the Ith field as
δ˜ϕ1I = δϕ1I +
ϕ′0I
H ψ1 . (2.9)
The field fluctuation in the flat gauge, or Sasaki-Mukhanov variable, at second order for the Ith field is [20, 29]1
δ˜ϕ2I = δϕ2I +
ϕ′0I
H ψ2 +
(
ψ1
H
)2 [
2Hϕ′0I + ϕ′′0I −
H′
H ϕ
′
0I
]
+ 2
ϕ′0I
H2 ψ
′
1ψ1 +
2
Hψ1δϕ1I
′ − 2δϕ1,kE k1, + X (ψ,E) , (2.10)
where X (ψ,E) contains terms quadratic in gradients of the metric perturbations ψ1 and E1. Since we are working in
the flat gauge throughout this paper, we shall drop the “tilde” to denote variables that have to be evaluated on this
gauge. In particular, we denote the gauge invariant field fluctuations in the flat gauge simply by δϕ1 and δϕ2, hoping
that this notation will make the equations more intuitive and transparent. Note however, that the field fluctuations
in the flat gauge were denoted Q1 and Q2 at first and second order, respectively, in Ref. [29].
1 Rewritten using results from K. A. Malik and D. R. Matravers, arXiv:0804.3276 [astro-ph].
3A. Klein-Gordon equation
We split the scalar fields ϕI into a background and perturbations up to and including second order according to
Eq. (2.4),
ϕI(x
µ) = ϕ0I(η) + δϕ1I(x
µ) +
1
2
δϕ2I(x
µ) . (2.11)
The potential U ≡ U(ϕI) can be split similarly according to
U(ϕI) = U0 + δU1 +
1
2
δU2 , (2.12)
where
δU1 =
∑
K
U,ϕKδϕ1K , (2.13)
δU2 =
∑
K,L
U,ϕKϕLδϕ1Kδϕ1L +
∑
K
U,ϕKδϕ2K . (2.14)
and we use the shorthand U,ϕK ≡ ∂U∂ϕK . The energy-momentum tensor, Eq. (2.3), expanded up to second order in
the perturbations for the metric tensor Eq. (2.5) is given in Appendix C 2 (in the flat gauge).
The evolution of the scalar fields is governed by the Klein-Gordon equation, which is the energy conservation
equation, (2.2), for the energy momentum tensor defined in Eq. (2.3). Using the energy momentum tensor given in
Appendix C 2 and the energy conservation equation (2.2) we get the Klein-Gordon equation in the multi field case at
zeroth order for the Ith field
ϕ′′0I + 2Hϕ′0I + a2U,ϕI = 0 , (2.15)
where H ≡ a′
a
, at first order
δϕ1I
′′ + 2Hδϕ1I ′ + 2a2U,ϕIφ1 −∇2δϕ1I − ϕ′0I∇2B1 − ϕ′0Iφ′1 + a2
∑
K
U,ϕIϕK δϕ1K = 0 , (2.16)
and we finally get at second order
δϕ2I
′′ + 2Hδϕ2I ′ −∇2δϕ2I + a2
∑
K
U,ϕIϕKδϕ2K + a
2
∑
K,L
U,ϕIϕKϕLδϕ1Kδϕ1L + 2a
2U,ϕIφ2 − ϕ′0I
(∇2B2 + φ′2)
+ 4ϕ′0IB1,kφ
k
1, + 2
(
2Hϕ′0I + a2U,ϕI
)
B1,kB
k
1, + 4φ1
(
a2
∑
K
U,ϕIϕKδϕ1K −∇2δϕ1I
)
+ 4ϕ′0Iφ1φ
′
1
− 2δϕ1I ′
(∇2B1 + φ′1)− 4δϕ1I ′,kB k1, = 0 , (2.17)
where all the variables are in the flat gauge, as stressed in the previous section.
B. The field equations
In this section we give the field equations as given from Eq. (2.1) in the background, at first and at second order in
the perturbations. Again we would like to stress that the perturbed equations are in the flat gauge throughout this
section.
At zeroth order we get the Friedmann equation from the 0− 0 component of the Einstein equations
H2 = 8πG
3
(∑
K
1
2
ϕ′0K
2
+ a2U0
)
, (2.18)
and from the i− j component we find(
a′
a
)2
− 2a
′′
a
= 8πG
(∑
K
1
2
ϕ′0K
2 − a2U0
)
. (2.19)
41. First order
Using the background equations given above, we find the 0 − 0 component of the Einstein equations at first order
to be
2a2U0φ1 +
∑
K
ϕ′0Kδϕ1K
′ + a2δU1 +
H
4πG
∇2B1 = 0 , (2.20)
the 0− i part gives
Hφ1 − 4πG
∑
K
ϕ′0Kδϕ1K = 0 . (2.21)
From the i− j component of the Einstein equation we get the trace free part
B′1 + 2HB1 + φ1 = 0 . (2.22)
Using Eq. (2.22) and the background field equations, we get the first order trace in its simplest form
Hφ′1 + 4πG
[
a2δU1 + 2a
2U0φ1 −
∑
K
ϕ′0Kδϕ1K
′
]
= 0 . (2.23)
2. Second order
The 0−0 Einstein equation at second order, using the first and zeroth order 0−0 equations, Eqs. (2.18) and (2.20),
is given by
8πGa2U0
(
φ2 +B1,kB
k
1,
)
+ H∇2B2 + 1
2
[
B1,klB
kl
1, −
(∇2B1)2]− 2Hφ1,kB k1,
+4πG
∑
K
[
ϕ′0Kδϕ2K
′ + a2δU2 + 4a
2δU1φ1 + δϕ1K
′2 + δϕ1K,kδϕ1K
k
,
]
= 0 .(2.24)
The 0− i Einstein equation is given by
Hφ2,i − 4Hφ1φ1,i + 2HB1,kiB k1, +B1,kiφ k1, −∇2B1φ1,i − 4πG
∑
K
[
ϕ′0Kδϕ2K,i + 2δϕ1K
′δϕ1K,i
]
= 0 . (2.25)
We then use the first order 0− i equation, Eq. (2.21), rewrite Eq. (2.25) and take the trace, which gives
H (φ2 − 2φ21 +B1,kB k1, )− 4πG∑
K
ϕ′0Kδϕ2K
+∇−2 (φ1,klB kl1, −∇2B1∇2φ1)− 8πG∑
K
∇−2 (δϕ1K ′∇2δϕ1K + δϕ′1K,lδϕ l1K, ) = 0 , (2.26)
where we introduce the inverse Laplacian, ∇−2(∇2)X = X . The i− j Einstein equation is given by{
16πGa2U0
(
φ2 − 4φ21 +B1,kB k1,
)
+ 2Hφ′2 − 8Hφ1φ′1 − 2φ1,kφ k1, + 4HB′1,kB k1,
+∇2 (B′2 + 2HB2 + φ2)− 2φ′1∇2B1 +B1,klB kl1, −
(∇2B1)2 + 32πG (a2δU1 + 2a2U0φ1)φ1
+8πG
[∑
K
(
δϕ1K,lδϕ1K
l
, − ϕ′0Kδϕ2K ′ − δϕ1K ′
2
)
+ a2δU2
]}
δij (2.27)
− (B′2 + 2HB2 + φ2) i, j + 2φ i1, φ1,j + 2B i1, j
(
φ′1 +∇2B1
)− 2B i1, kB k1, j − 16πG∑
K
δϕ1K
i
, δϕ1K,j = 0 .
5Taking now the divergence of Eq. (2.27) twice2 we get
8πGa2U0
(
φ2 − 4φ21 +B1,kB k1,
)
+Hφ′2 − 4Hφ1φ′1 − φ1,kφ k1, + 2HB′1,kB k1, +
1
2
(
B1,klB
kl
1, −
(∇2B1)2)
−φ′1∇2B1 + 16πG
(
a2δU1 + 2a
2U0φ1
)
φ1 + 4πG
[∑
K
(
δϕ1K,lδϕ1K
l
, − ϕ′0Kδϕ2K ′ − δϕ1K ′2
)
+ a2δU2
]
+∇−2
{
φ i1, φ1,j +B
i
1, j
(
φ′1 +∇2B1
)−B i1, kB k1, j − 8πG∑
K
δϕ1K
i
, δϕ1K,j
} j
,i
= 0 , (2.28)
where we made use of the relation ∂i∂
j
[
(f2 + f1g1) δ
i
j
]
= ∇2 (f2 + f1g1) = ∇2f2 + f1∇2g1 + g1∇2f1 + 2f1,kg k1, . The
spatial trace is finally given by contracting Eq. (2.27) as
24πGa2U0
(
φ2 − 4φ21 +B1,kB k1,
)− 2φ1,kφ k1, − 2φ′1∇2B1 − 6HB k1, (2HB1,k + φ1,k)
+3Hφ′2 − 12Hφ1φ′1 +∇2 (B′2 + 2HB2 + φ2) +
1
2
[
B1,klB
kl
1, −
(∇2B1)2]+ 48πGφ1 (a2δU1 + 2a2U0φ1)
+4πG
∑
K
(
3a2δU2 − 3ϕ′0Kδϕ2K ′ − 3δϕ1K ′
2
+ δϕ1K,lδϕ1K
l
,
)
= 0 . (2.29)
In the above we made copious use of the background field equations without explicitly stating it.
III. THE KLEIN GORDON EQUATION IN CLOSED FORM
Using the field equations given in the previous section we can now rewrite the Klein Gordon equations at first and
second order in the multiple field case. At first order the Klein-Gordon equation is, from Eq. (2.16),
δϕ1I
′′ + 2Hδϕ1I ′ −∇2δϕ1I + a2
∑
K
{
U,ϕKϕI +
8πG
H
(
ϕ′0IU,ϕK + ϕ
′
0KU,ϕI + ϕ
′
0Kϕ
′
0I
8πG
H U0
)}
δϕ1K = 0 . (3.1)
Although there are notationally more compact forms of the Klein-Gordon equation at first order [33, 34], we find
this form particularly easy to use. All that is required once a model is chosen is to calculate the derivatives of the
potential and no further calculation is necessary.
It will be useful in the following to define
XI ≡ a2
(
8πG
H U0ϕ
′
0I + U,ϕI
)
. (3.2)
We finally get the Klein-Gordon equation for multiple fields in the flat gauge, from Eq. (2.17), and using all the field
equations given in the previous section
δϕ2I
′′ + 2Hδϕ2I ′ −∇2δϕ2I + a2
∑
K
[
U,ϕKϕI +
8πG
H
(
ϕ′0IU,ϕK + ϕ
′
0KU,ϕI + ϕ
′
0Kϕ
′
0I
8πG
H U0
)]
δϕ2K
+
16πG
H
[
δϕ1I
′
∑
K
XKδϕ1K +
∑
K
ϕ′0Kδϕ1K
∑
K
a2U,ϕIϕKδϕ1K
]
+
(
8πG
H
)2∑
K
ϕ′0Kδϕ1K
[
a2U,ϕI
∑
K
ϕ′0Kδϕ1K + ϕ
′
0I
∑
K
(
a2U,ϕK +XK
)
δϕ1K
]
− 2
(
4πG
H
)2
ϕ′0I
H
∑
K
XKδϕ1K
∑
K
(
XKδϕ1K + ϕ
′
0Kδϕ1K
′
)
+
4πG
H ϕ
′
0I
∑
K
δϕ1K
′2
+ a2
∑
K,L
[
U,ϕIϕKϕL +
8πG
H ϕ
′
0IU,ϕKϕL
]
δϕ1Kδϕ1L + F
(
δϕ1K
′, δϕ1K
)
= 0 , (3.3)
2 Following on the same lines as detailed in K. A. Malik, D. Seery and K. N. Ananda, arXiv:0712.1787 [astro-ph].
6where F
(
δϕ1K
′, δϕ1K
)
contains gradients and inverse gradients quadratic in the field fluctuations and is defined as
F
(
δϕ1K
′, δϕ1K
)
=
(
8πG
H
)2
δϕ′1I,l∇−2
∑
K
(
XKδϕ1K + ϕ
′
0Kδϕ1K
′
) l
,
− 16πGH ∇
2δϕ1I
∑
K
ϕ′0Kδϕ1K
+2
XI
H
(
4πG
H
)2
∇−2
[∑
K
ϕ′0Kδϕ1K,lm∇−2
∑
K
(
XKδϕ1K + ϕ
′
0Kδϕ1K
′
) lm
,
−
∑
K
(
XKδϕ1K + ϕ
′
0Kδϕ1K
′
)∇2∑
K
ϕ′0Kδϕ1K
]
+
4πG
H
[
ϕ′0I
∑
K
δϕ1K,lδϕ
l
1K, + 4XI∇−2
∑
K
(
δϕ1K
′∇2δϕ1K + δϕ1K ′,lδϕ1K l,
)]
+
(
4πG
H
)2
ϕ′0I
H
[
∇−2
∑
K
(
XKδϕ1K + ϕ
′
0Kδϕ1K
′
)
,lm
∇−2
∑
K
(
XKδϕ1K + ϕ
′
0Kδϕ1K
′
) lm
,
−
∑
K
ϕ′0Kδϕ1K,l
∑
K
ϕ′0Kδϕ
l
1K,
]
−ϕ
′
0I
H ∇
−2
{
8πG
∑
K
(
δϕ1K,l∇2δϕ1K l, +∇2δϕ1K∇2δϕ1K + δϕ1K ′∇2δϕ1K ′ + δϕ1K ′,lδϕ1K ′ l,
)
−
(
4πG
H
)2 [
2∇−2
∑
K
(
XKδϕ1K + ϕ
′
0Kδϕ1K
′
) i
, j
∑
K
XKδϕ1K +
∑
K
ϕ′0Kδϕ1K
i
,
∑
K
ϕ′0Kδϕ1K,j
] j
,i
}
. (3.4)
This is the Klein-Gordon equation at second order for multiple scalar fields in terms of the field fluctuations δϕ2I and
δϕ1I , at second and first order, respectively, in the flat gauge. No slow roll is assumed.
Note that terms containing inverse gradients and inverse Laplacians never appear on their own. They are always
either multiplied by terms containing gradients and Laplacians or contain these themselves. Moreover, the order of
the “positive” gradients is either the same or higher as that of the “negative” or inverse gradients. Hence the large
scale limit stays well defined and no infrared cut-off has to be introduced by hand.
As an intermediate step in the derivation of the Klein-Gordon equation above, the equation is given in Appendix
B in terms of the field fluctuations as in Eq. (3.3), but also with metric potentials φ1 and B1, which allows for a
more compact presentation. Using Eqs. (2.20) and (2.21) for φ1 and B1, respectively, the intermediate Klein-Gordon
equation, Eq. (B1), can readily be solved numerically either in real space or in Fourier space (as outlined in the
following section). However, for analytical studies Eq. (3.3) above seems preferable.
IV. THE KLEIN GORDON EQUATION IN CLOSED FORM IN FOURIER SPACE
In order to solve the Klein-Gordon equation it has become standard procedure to work in Fourier space instead of
real space (see e.g. Ref. [1]). However, at second order things are slightly more complicated than at first order, where
the shift to Fourier components can be nearly done implicitly, and we shall look at these complications below.
A perturbation δϕ is related to its Fourier component δϕk as
δϕ(η, xi) =
∫
d3kδϕk exp
(
ikix
i
)
, (4.1)
where δϕk = δϕk(η, k
i), and ki is the comoving wavenumber. We follow the notation of Ref. [1] and use in the
following the same symbol for the real space and the Fourier space variable, discriminating the two by the respective
argument, i.e. δϕ(ki) instead of δϕk, whenever convenient.
At first order the procedure to transform the Klein-Gordon equation is straight forward: the only change to the
equation is to replace δϕ1I by δϕ1I(k
i) in Eq. (3.1) and the Laplacian by
∇2 → −k2 , (4.2)
where k2 ≡ kiki. At second order things are slightly more complicated, as already pointed out above. Second order
variables proper, like δϕ2, follow the same rules as at first order and can simply be replaced. However the terms
quadratic in the first order variables, like δϕ1
2, have now to be treated using the convolution theorem, which is given
for two functions f and g, both functions of the coordinates xµ, by
[f g]
k
=
∫
d3λ f(pi)g(qi) , (4.3)
7where we introduced d3λ ≡ d3pd3q(2pi)3 δ3(ki − pi − qi).
In addition to the Laplace-operator we now also have gradients and inverse gradient operators, which in Fourier
space translate into
∂i → −iki , ∂−1i → i
ki
k2
, (4.4)
and similarly the inverse Laplacian
∇−2 → −k−2 . (4.5)
We have now assembled all the necessary tools to rewrite the Klein-Gordon equation at second order in terms of
its Fourier components. Rewriting the first part which is independent of gradients is simple and only necessitates in
Eq. (3.3) the replacement of δϕ2K by its Fourier component, the usage of Eq. (4.2) to replace the Laplacian, similar
to the first order case, and the application of Eq. (4.3) to terms quadratic in the first order field fluctuation.
Rewriting the second part involving gradient terms, Eq. (3.4), is more involved, requiring the application of Eq. (4.3)
and the use of Eq. (4.4) as well as Eqs. (4.2) and (4.5). We leave the “translation” of individual terms in Eq. (3.4) to
Appendix D, and give here immediately the result,
F
(
δϕ1K
′, δϕ1K
)
k
=
∫
d3λ
{(
8πG
H
)2
pkq
k
q2
δϕ′1I(p
i)
∑
K
(
XKδϕ1K(q
i) + ϕ′0Kδϕ1K
′(qi)
)
+p2
16πG
H δϕ1I(p
i)
∑
K
ϕ′0Kδϕ1K(q
i) +
(
4πG
H
)2
ϕ′0I
H
[(
plq
l − p
iqjk
jki
k2
)∑
K
ϕ′0Kδϕ1K(p
i)
∑
K
ϕ′0Kδϕ1K(q
i)
]
+2
XI
H
(
4πG
H
)2
plq
lpmq
m + p2q2
k2q2
[∑
K
ϕ′0Kδϕ1K(p
i)
∑
K
(
XKδϕ1K(q
i) + ϕ′0Kδϕ1K
′(qi)
) ]
+
4πG
H
[
4XI
q2 + plq
l
k2
∑
K
(
δϕ1K
′(pi)δϕ1K(q
i)
)− ϕ′0Iplql∑
K
δϕ1K(p
i)δϕ1K(q
i)
]
+
(
4πG
H
)2
ϕ′0I
H
[
plq
lpmq
m
p2q2
∑
K
(
XKδϕ1K(p
i) + ϕ′0Kδϕ1K
′(pi)
)∑
K
(
XKδϕ1K(q
i) + ϕ′0Kδϕ1K
′(qi)
) ]
+
ϕ′0I
H
[
8πG
∑
K
(
plq
l + p2
k2
q2δϕ1K(p
i)δϕ1K(q
i)− q
2 + plq
l
k2
δϕ1K
′(pi)δϕ1K
′(qi)
)
+
(
4πG
H
)2
kjki
k2
(
2
pipj
p2
∑
K
(
XKδϕ1K(p
i) + ϕ′0Kδϕ1K
′(pi)
)∑
K
XKδϕ1K(q
i)
)]}
. (4.6)
V. SLOW ROLL
Substantial simplification can be achieved by employing the slow-roll approximation. In particular it will allow us
to rewrite the source terms of the second order Klein-Gordon equation solely in terms of the field fluctuations δϕ1I
themselves, whereas in Eq. (3.3) these terms also includes time derivatives of the first order field fluctuations.
A. Background and first order
The slow roll approximation in the background is given by
ϕ′′0I −Hϕ′0I ≃ 0 ,
∑
K
1
2a2
ϕ′0K
2 ≪ U0 , (5.1)
leading to
3Hϕ′0I + a2U,ϕI = 0 , H2 =
8πG
3
a2U0 . (5.2)
8Making use of Eqs. (5.2) we find that Eq. (3.2) simplifies to
XI = 0 . (5.3)
We introduce the slow-roll parameters [28]
ǫI ≡
√
4πG
(
ϕ′0I
H
)
, (5.4)
and
ηIJ ≡ a
2U,ϕIϕJ
3H2 . (5.5)
At first order we get the Klein-Gordon equation from Eq. (3.1), imposing slow-roll in the background,
δϕ1I
′′ + 2Hδϕ1I ′ −∇2δϕ1I +
∑
K
MIKδϕ1K = 0 , (5.6)
where we defined the mass matrix
MIK ≡ a2U,ϕIϕK − 24πGϕ′0Iϕ′0K . (5.7)
Note that ηIJ is only small in the adiabatic direction, and hence we keep terms including ηIJ below.
B. Second order
In the following we shall work to order ǫ2I , where the slow parameter ǫI is defined in Eq. (5.4). We then get the
Klein-Gordon equation at second order using slow roll and working in Fourier space from Eqs. (3.3) and (4.6),
δϕ2I
′′(ki) + 2Hδϕ2I ′(ki) + k2δϕ2I(ki) +
∑
K
(
a2U,ϕKϕI − 24πGϕ′0Iϕ′0K
)
δϕ2K(k
i) (5.8)
+
∫
d3λ
{
a2
∑
K,L
(
U,ϕIϕKϕL +
8πG
H ϕ
′
0IU,ϕKϕL
)
δϕ1K(p
i)δϕ1L(q
i) +
16πG
H a
2
∑
K
ϕ′0Kδϕ1K(p
i)
∑
K
U,ϕKϕIδϕ1K(q
i)
}
+
8πG
H
∫
d3λ
{
8πG
H
plq
l
q2
δϕ1I
′(pi)
∑
K
ϕ′0Kδϕ1K
′(qi) + 2p2δϕ1I(p
i)
∑
K
ϕ′0Kδϕ1K(q
i)
+ϕ′0I
∑
K
((
plq
l + p2
k2
q2 − plq
l
2
)
δϕ1K(p
i)δϕ1K(q
i) +
(
1
2
− q
2 + plq
l
k2
)
δϕ1K
′(pi)δϕ1K
′(qi)
)}
= 0 .
As expected, the simplification of the second order Klein-Gordon equation in the slow roll limit, Eq. (5.8) above,
compared to the non-approximate versions given in previous sections, Eqs. (3.3) and (4.6), is considerable.
VI. DISCUSSION AND CONCLUSION
We have derived the Klein-Gordon equation at second order in the multi-field case in closed form in terms of the
field fluctuations in the flat gauge. We have given the full equation in real and Fourier space, and also have given a
simplified version where we used slow-roll. Having calculated the Klein-Gordon equation at second order in closed
form for multiple fields in Section III allowed us to show that the Klein-Gordon equation also at this order does not
contain terms that diverge in the large scale limit, irrespective of imposing the slow-roll approximation. Preliminary
calculations indicate, that this is the case as well if we include vector perturbations.
If we want to solve the second order Klein-Gordon equation, we have to proceed iteratively: first solving the
background equations for the fields ϕ0I and the Hubble parameter H, Eqs. (2.15) and (Eq. (2.18)). Using these
solutions we can then solve the first order Klein-Gordon equation (3.1) and substitute the results finally into the
second order equation, (3.3). This procedure is already implemented implicitly in the slow-roll case discussed in
Section V, using the suitable slow-roll expressions. However, if we are interested in numerical solutions, this iterative
9scheme has to be explicitly taken into account. The numerical implementation is however straight forward, and despite
its complexity, second order perturbation theory was shown to be faster numerically than the ∆N -formalism [35].
However interesting or even exciting we may find the second order Klein-Gordon equation to be, our aim is more
likely to calculate what observable consequences the evolution of the fields will have and what it can tell us about
our early universe model, and not the scalar fields themselves. However, once the field dynamics is known, it is easy
use expressions relating the field fluctuations to observable quantities. A particularly popular such quantity is the
curvature perturbation on uniform density hypersurfaces, ζ, at first and second order. How in particular ζ2 is related
to the field fluctuations on flat slices, δϕ1I and δϕ2I , used in this article, is given in Ref. [29], and its relation to the
non-linearity parameter fnl is detailed in Ref. [35].
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APPENDIX A: USEFUL BACKGROUND RELATIONS
The Friedmann and the i− j equations in the background, Eqs. (2.18) and (2.19), can be rewritten to give
2
(
a′
a
)2
− a
′′
a
= 4πG
∑
K
ϕ′0K
2
. (A1)
Another useful combination is
H′ + 2H2 = 8πGa2U0 . (A2)
APPENDIX B: KLEIN-GORDON EQUATION AT SECOND ORDER
It might prove useful to have an intermediate version of the Klein-Gordon equation at second order, that still has
the metric potentials at first order, whereas the second order metric potentials and the time derivatives of the first
order variables have been replaced using the field equations given in Section II B.
δϕ2I
′′ + 2Hδϕ2I ′ −∇2δϕ2I + a2
∑
K
U,ϕIϕK δϕ2K + a
2
∑
K,L
U,ϕIϕKϕLδϕ1Kδϕ1L + 4φ1
(∑
K
a2U,ϕIϕKδϕ1K −∇2δϕ1I
)
+
8πG
H
[
ϕ′0Ia
2δU2 +XI
∑
K
ϕ′0Kδϕ2K
]
− 4δϕ′1I,kB k1, + 4a2U,ϕIφ21 +
16πG
H δϕ1I
′
∑
K
XKδϕ1K
+
8πG
H ϕ
′
0I
{
2φ1
(
a2δU1 +
∑
K
XKδϕ1K
)
+
1
2
∑
K
(
δϕ1K
′2 + δϕ1K,lδϕ
l
1K,
)}
+ 2
XI
H ∇
−2
{
∇2B1∇2φ1 − φ1,klB kl1, + 8πG
∑
K
(
δϕ1K
′∇2δϕ1K + δϕ′1K,lδϕ l1K,
)}
(B1)
+
ϕ′0I
H
B1,klB kl1, − φ1,kφ k1, − (∇2B1)2 −
(
4πG
H
)2 (∑
K
XKδϕ1K
)2
−
(∑
K
ϕ′0Kδϕ1K
′
)2
− ϕ
′
0I
H ∇
−2
{
8πG
∑
K
(
δϕ1K,l∇2δϕ l1K, +∇2δϕ1K∇2δϕ1K + δϕ1K ′∇2δϕ1K ′ + δϕ′1K,lδϕ′ l1K,
)
+
(8πG
H B
i
1, j
∑
K
XKδϕ1K − φ i1, φ1,j
) j
,i
}
= 0 .
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APPENDIX C: TENSOR COMPONENTS
1. The metric tensor
The metric tensor up to second order for scalar perturbations is
g00 = −a2 (1 + 2φ1 + φ2) , (C1)
g0i = a
2
(
B1 +
1
2
B2
)
,i
, (C2)
gij = a
2 [(1− 2ψ1 − ψ2) δij + 2E1,ij + E2,ij ] . (C3)
and its contravariant form is
g00 = −a−2 [1− 2φ1 − φ2 + 4φ21 −B1,kB k1, ] , (C4)
g0i = a−2
[
B i1, +
1
2
B i2, − 2B1,kE ki1, + 2 (ψ1 − φ1)B i1,
]
, (C5)
gij = a−2
[(
1 + 2ψ1 + ψ2 + 4ψ
2
1
)
δij −
(
2E ij1, + E
ij
2, − 4E ik1, E j1,k + 8ψ1E ij1, +B i1,B j1,
)]
. (C6)
Note, Eqs. (C1) and (C4) are without gauge restrictions, i.e. no gauge has been specified.
2. Energy-momentum tensor in the flat gauge
The energy-momentum tensor for N scalar fields with potential U(ϕI) is then split into background, first, and
second order perturbations, using Eq. (2.4), as
T µν ≡ T µ(0)ν + δT µ(1)ν +
1
2
δT
µ
(2)ν , (C7)
and we get for the components, from Eq. (2.3), at zeroth order
T 0(0)0 = −
(∑
K
1
2a2
ϕ′0K
2
+ U0
)
, T i(0)j =
(
1
2a2
∑
K
ϕ′0K
2 − U0
)
δij , (C8)
at first order
δT 0(1)0 = −
1
a2
∑
K
(
ϕ′0Kδϕ1K
′ − ϕ′0K2φ1
)
− δU1 , (C9)
δT 0(1)i = −
1
a2
∑
K
(
ϕ′0Kδϕ1K,i
)
, (C10)
δT i(1)j =
1
a2
[∑
K
(
ϕ′0Kδϕ1K
′ − ϕ′0K2φ1
)
− a2δU1
]
δij , (C11)
and at second order in the perturbations
δT 0(2)0 = −
1
a2
∑
K
[
ϕ′0Kδϕ2K
′ − 4ϕ′0Kφ1δϕ1K ′ − ϕ′0K2φ2 + 4ϕ′0K2φ21 + δϕ1K ′2 + a2δU2
+δϕ1K,lδϕ
l
1K, − ϕ′0K2B1,kB k1,
]
, (C12)
δT 0(2)i = −
1
a2
∑
K
(
ϕ′0Kδϕ2K,i − 4φ1ϕ′0Kδϕ1K,i + 2δϕ1K ′δϕ1K,i
)
, (C13)
δT i(2)j =
1
a2
∑
K
[
ϕ′0Kδϕ2K
′ − 4ϕ′0Kφ1δϕ1K ′ − ϕ′0K2φ2 + 4ϕ′0K2φ21 + δϕ1K ′2 − δϕ1K,lδϕ l1K, − ϕ′0K2B1,kB k1,
−2ϕ′0Kδϕ1K,lB l1, − a2δU2
]
δij +
2
a2
(ϕ′0KB1 + δϕ1K)
i
, δϕ1K,j . (C14)
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APPENDIX D: RELATIONS IN FOURIER SPACE
Here we give the Fourier transform of some of the terms in Eq. (3.4) (integrating out the pi dependence and omitting
the (2π)−3 factor: [
δϕ1
2
]
k
=
∫
d3q δϕ1(q
i)δϕ1(k
i − qi) ,[
δϕ1∇2δϕ1
]
k
= −
∫
d3q (k − q)2δϕ1(qi)δϕ1(ki − qi) ,[
δϕ1,lδϕ
l
1,
]
k
= −
∫
d3q qi
(
ki − qi) δϕ1(qi)δϕ1(ki − qi) ,[
δϕ1,l∇−2δϕ l1,
]
k
=
∫
d3q q−2qi
(
ki − qi)δϕ1(qi)δϕ1(ki − qi) ,[∇2 (δϕ1,ij∂−1i ∂−1j δϕ1)]k = −k2 ∫ d3q (k − q)−4qiqj (ki − qi) (kj − qj) δϕ1(qi)δϕ1(ki − qi) . (D1)
The terms of Eq. (3.4) not listed above are similar to the ones given in Eq. (D1) and can be readily derived using the
expressions above.
APPENDIX E: CHANGES COMPARED TO EARLIER VERSIONS OF THE PAPER
Here we give a list of changes in the second order governing equations compared with the version of the paper
originally published on the archive, astro-ph/0610864v1. This should make it easier to verify that one is using the
(most) correct version of the equations . . . However, we do not list mere “cosmetic” changes or rearrangements in the
equations.
Changes in version 2 :
1. Eq. (2.24): wrongly set brackets corrected
2. Eq. (2.29): missing a2 added
3. Eq. (3.3): ϕ′0I
1
3
∑
K δϕ1K
′2 in 2nd line removed, and rewritten
4. Imposing slow roll on first order Klein-Gordon equation removed in Section VA (only valid on large scales)
5. Eq. (5.8): second order Klein-Gordon equation equation in slow roll limit completely rewritten in light of above
changes
6. Eq. (B1): 13
∑
K δϕ1K
′2 in square bracket in 2nd line removed
Changes in version 3 (corresponding to the published version):
Relaxing the requirement that the slow-roll parameter ηIJ is small (only needs to be small in the adiabatic
direction) leads to additional terms (of the form ϕ0Uϕϕδϕ1δϕ1) in the slow roll Klein Gordon equation Eq. (5.8).
Changes in version 4 :
Second order field equations corrected (Eqs. (2.26), leading to changes in the second order Klein-Gordon equation,
Eqs. (B1), (3.3), (4.6), and (5.8).
Changes in version 5 :
Second order field equations, Eqs. (2.27), and (2.28) corrected (the concept of an “off-trace” equation proved to be
not useful at second order), leading to changes in the second order Klein-Gordon equation, Eqs. (B1), (3.3), (4.6), and
(5.8). Background slow roll equations in conformal time, Eq. (5.1), corrected leading to changes throughout Section
V. Also changes in definition of second order flat field perturbation, though leading to no changes in this paper.
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